Form Approved

REPORT DOCUMENTATION PAGE OMB No. 0704-0188

Public reporting burden for this collection of information is estimated to average 1 hour per responss, including the time for reviewing instructions, searching existing data
sources, gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate only, other
aspect of this collection of information, including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and
Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302, and to the Office of Management and Budget, Paperwork Reduction Project (07804-0188),
Washington, DC 20503.

1. AGENCY USE ONLY (LEAVE BLANK) | 2. REPORT DATE 3. REPORT TYPE AND DATES COVERED
26 August 1999 Professional Paper
4. TITLE AND SUBTITLE 5. FUNDING NUMBERS

Fuzzy Order Statistics and Their Application to Fuzzy Clustering
6. AUTHOR(S)

Paul R. Kersten

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
REPORT NUMBER

Naval Air Warfare Center Aircraft Division
22347 Cedar Point Road, Unit #6
Patuxent River, Maryland 20670-1161

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING/MONITORING
AGENCY REPORT NUMBER

Naval Air Systems Command
47123 Buse Road, Unit IPT
Patuxent River, Maryland 20670-1547

11. SUPPLEMENTARY NOTES

12a. DISTRIBUTION/AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE

Approved for public release; distribution is unlimited.

13. ABSTRACT (Maximum 200 words)

The median and the median absolute deviation (MAD) are robust statistics based on-order statistics.
Order statistics are extended to fuzzy sets to define a fuzzy median and a fuzzy MAD. The fuzzy c-
Means (FCM) clustering algorithm is defined for any p-norm (pFCM), including the ¢, norm (1FCM). The
1FCM clustering algorithm is implemented via the alternating optimization (AO) method and the clustering
centers are shown to be the fuzzy median. The resulting AO-1FCM clustering algorithm is called the
fuzzy c-Medians (FCMED) clustering algorithm. An example illustrates the robustness of the FCMED.

14, SUBJECT TERMS 15, NUMBER OF PAGES
Fuzzy c-Means (FCM) Median Absolute Deviation (MAD) - 15
: : 16. PRICE CODE
17. SECURITY CLASSIFICATION 18. SECURITY CLASSIFICATION 19. SECURITY CLASSIFICATION 20. LIMITATION OF ABSTRACT
OF REPORT OF THIS PAGE OF ABSTRACT
Unclassified Unclassified Unclassified UL

19991006 090

DTIC QUALITY INSPECTED 4




Fuzzy Order Statistics and Their Application
to Fuzzy Clustering®

Paul R. Kersten, Member IEEE

Abstract - The median and the median absolute deviation (MAD) are robust statistics based .
on order statistics. Order statistics are extended to fuzzy sets to define a fuzzy median and

a fuzzy MAD. The fuzzy c-Means (FCM) clustering algorithm is defined for any p-norm
(pFCM), including the ¢, norm (1FCM). The 1FCM clustering algorithm is implemented

via the alternating optimization (AO) method and the clustering centers are shown to be
the fuzzy median. The resulting AO-1FCM clustering algorithm is called the fuzzy c-
Medians (FCMED) clustering algorithm. An example illustrates the robustiess of the

FCMED.

I. INTRODUCTION

Robust statistics are designed to be resistant to outliers. Two examples are the median for
estimating the center of the data and the median of the absolute deviations from the median
(MAD) for estimating the dispersion of the data. These statistics do not apply directly to fuzzy
sets since both are based on order statistics, which implicitly assume the data belong entirely in
one set. These statistics are extended to apply to fuzzy sets and then used to implement an AO
version of the 1FCM clustering algorithm,'where the membership functions (MFs) are given by
(1] and the cluster centers are fuzzy medians. This version is called the fuzzy c-medians
(FCMED) clustering algorithm since the weighted median plays the same role as the weighted
mean in the FCM. The FCMED algorithm improves clustering on outlier-ladent data sets, where

the clusters are generated by heavy-tailed distributions.
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Fuzzy medians are a special case of weighted medians, where the weights associated with the
data points may be interpreted as memberships. According to Bloomfield and Steiger [2],
weighted medians were first named by Edgeworth [3] circa 1887. The 1FCM clustering
algorithm requires the minimization of a functional that consists of the weighted sum of absolute
differences with respect to the clustering center. Jajuga [4] seems to be the first to have
formulated the IFCM minimization as a regression problem, which then allowed him to apply
the éolution found in [2] attributed tb Laplace circa 1789. The optimal cluster center is the
weighted median, although Jajuga [4-5] does not seem to mention that his solution is the
weighted median. The fuzzy median set forth in this paper was first derived by the author in [6-
7] and used to independently derive the 1IFCM centering statistic [8]. The weighted median
appears in numerous applications. For example, it is used in risk management [9] and image
processing [10]. In regression, the weighted median provides a robust slope estimate [11].
Another example is in the remedian' approximation to the median [12]. Fuzzy clustering using
the ¢ norm is not new and has been researched by others [1,13]. In [13] the authors use a
reformulated version of the FCM and apply a general search method to find the cluster center
and memberships. In [1] the AO-1FCM is used, where the memberships are solved for explicitly
as in the FCM and the cluster centers are determined by a linear programming algorithm. The k-
medoid method is a collection of algorithms that may use the ¢, metric and could include a k-
median hard clustering algorithm[14]. Unfortunately, the k-median is also another name for the
k-medoid method, leading to some confusion [14, p. 72].

This papér is organized as follows: Section II contains a definition of fuzzy order statistics as
well as the extension of the median and the MAD vto fuzzy sets. In Section III, the quantiles are
extended to fuzzy sets. The FCMED clustering algorithm is presented in Section IV. The

conclusions are contained in section V.




II. THE FUZZY MEDIAN AND THE FUZZY MAD

Robust statistics are resistant to outliers because they are designed assuming variations to the
underlying statistical distribution wiil occur [15-18]. Often, a robust statistic is rated by its
breakdown point, which is loosely defined as the fraction of outliers that must be present before
the statistic no longer provides a meaningful estimate. Just as the median is a robust alternative
to the mean, the MAD is the robust alternative to the standard deviation. Both statistics have a

high breakdown point. Throughout this section, the data samples are assumed to be one-

dimensional.

The median is defined on the data set X ={x,x,,...,xy}, where each element is a real
number x,€ R. The ordered N -sample is denoted by {x;,Xq,....%u,}, Where
Xy S Xy S... S Xy, are collectively defined as the order statistics [19, p. 22]. Here, the median

of X is defined to be x,,, if N=2I+1 and to be [x,,+x,,,]/2 if N=2I. The median

represents the halfway point of the samples, having an equal number of samples smaller and
larger than itself. Accordingly, half of the points to the left 6f the median must be outliers before
the median is pulled toward the left, which explains why the finite breakdown point of fhe
median is one-half [15]. For vector samples, x, € R?, p >1, the definition is applied to each
. dimension of the sample and the median vector is defined to be the vector of individual medians.

To construct the MAD, take the data set X and form another data set Y =
{| x, —med(X)|,...,| xy —med(X)|}, find the median of ¥ and then scale it. For this paper, the

MAD is defined as mad(X) = med(Y)/0.6745, where the constant 0.6745 adjusts the dispersion

measure to be 1 when the sample is Gaussian with unit variance. Intuitively, one folds the
centered data {x, —med(X)}Y, about 0, then finds the median of the set of positive deviations
from the median. The breakdown point of the MAD is also one-half {15, pp. 105-107].

The median and the MAD are defined on crisp sets, which implicitly assumes that each data

point has membership 1 in the set. The implicit role of the sample memberships is evident when




N
the median m is defined as the solution of min F, ., (m) = min 2[ x, —m| [18, pp. 233-234]. An
meR meR P

informal solution is found by taking the derivative of F,, (m) with respect to m and setting it
equal to zero and multiplying though by -1 giving zmlsgn(x,c -m)=0.If N=2[+1, the unique
k=l

solutibn is m=x,,, and if N =2[, the derivative is zero for any me (x(,),x(,+l)). In the latter
case, the root m is not unique, but is made so by arbitrarily choosing a suitable point within this
interval, e.g., the average of x,,,, and x,. Strictly speaking, this solution is not proper since the
derivative of |x, —m| at x, =m does not exist; however, it is easily repaired [18, p.234].
Following [17], define m=(m"+m™)/2 where m’ =sup{m|Pc,,.S_p(m) >0} and m"™ =
inf(m| B, (m) <0}, so that one avoids the problem of taking the derivative at the jump point.
The informal solution is used in othgr sections because it is shorter and easily formalized.

The definition of fuzzy order statistics requires two sequences of real numbers: the data X

and their corresponding memberships U = {u,,u,,...,u,}. A permutation per{1,2,...,N} of the

integers {1,2,...,N} is needed to order X . The fuzzy order statistics are collectively defined as
Xperty S Xper(zy S oo = Xperiary along with their corresponding memberships

{8 pertys Y per(y s+ - s U peray } - Since the same permutation that ordered the data vector X is applied
to U, the association of data point to its membership is retained.
The functional definition of the median generalizes to fuzzy sets. For the c¢ -class problem, if

u, is the membership of x, in class i, then m; solves the minimization of this weighted

N
objective functional r"pég P, (m)= r"{xeiEZuik | x, —m; |. The solution m;, is a weighted median
i i k=1 .

applied to the i — th fuzzy set where the weights are found in the definition of the fuzzy set

X, = uy/x +u,/x,+...+u, /x,. Here, the statistic m; is called the fuzzy'median of the
i—th class. The derivative of — P, (m;) with respect to m; is given by Wiy (M) =

N
E“ik sgn(x, —m;) and its root m, is the fuzzy median. When the root is not unique, it is made
k=1

so by averaging the domain values where the derivative is zero. So the fuzzy median is a




weighted median where the weights are the membership of the sample points in the fuzzy set.

This statistic reduces to the median when the weights are equally likely.

As an example of the fuzzy median, consider a small one-class data set with its associated

membership vector given in Table 1 and the plots of the P and ¥ functions in Figure 1.

The RHO and PSI Function
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Figtire 1. RHO (P) and PSI (¥) functionals showing the fuzzy median value.

TABLE I
Example Data Set X With Corresponding Membership Values.
x | 10 | 203040 ]| 50]60] 70| 80
U |02]|04)] 010609 ] 07] 03] 04

The fuzzy median is 5.0, which is not equal to the classical median of 4.5. In this example the

fuzzy median is unique because the root is unique.




N
The MAD can also be reformulated into the functional form min >lx —m|-7, that is
k=1

minimized with respect to 77 and the resulting statistic defined as mad =1/0.6745. The mad

estimator requires the median m be known beforehand. For a fuzzy data set, the median does

not exist; however, the fuzzy median does. For the i—th fuzzy data set X, one can define the

. N ‘
fuzzy MAD in terms of the fuzzy median m, and the functional miEZuik[lxk —m,.[—ﬂ,.l. The
nER o

fuzzy MAD is given by fuzmad, =n,/0.6745. From an implementation point of view, one first
forms the fuzzy median m;, uses this to construct a new fuzzy data set Y, = u,/|x, —m, |+

u,l|x,—m | +...4+uy /| xy, —m; |, finds the fuzzy median on this set, then scales it. For the

example in Table 1, the MAD is 2.0 whereas the fuzzy MAD is 1.48, since the membership is
highest around the central values of the sample. For a p-dimehsional data, one applies it on each
component separately. |

Although defining the fuzzy median and fuzzy MAD is only a simple modification of the
crisp statistics, it allows the important application of robust statistics to fuzzy sets. The median is

also a Huber M-estimator [16] implicitly defined via functionals of the form P(m)=

N
2 p(x, —m), where p satisfies certain boundary, symmetry, and non-negativity conditions.
k=1 .

Because these summands can be weighted with the appropriate sample memberships, this whole

class of M-estimators applies to fuzzy algorithm development.

III. THE FUZZY QUANTILES

In this section, the weighted M-estimator functionals are applied to derive fuzzy quantiles by

defining p(x) asymmetrically. First, the crisp quantiles are redefined using P(m). Define
' px, ifx>0
p(x)= {

—qx, otherwise




where for the sake of definiteness it is assumed that p+qg =1, then the p—th quantile is the

N
value of m that minimizes P(m):Z p(x, —m). The minimum of P(m) is found by taking
k=1

derivatives. Define W(m)=-P'(m)= Zp(x,( m) = El//(xk m) where p(x) is defined in
k=1

~terms of indicator functions
1, ifxe A

1,(x)= { 0, ifxg A
Then Y(x)=p'(x) = pl, oy +3(P =@ sc0y =l (s> 1S @ step function located at x=0. If
p+q=1, the jump size is 1, going from —g to +p at x=0. ¥(m) is a monotone non-
increasing function that starts at pN when m<x, and reaches —gN when m>x,,.
Intuitively, this is a method of counting since at each data point x, , as one moves from left-to-
right on the real number lihe, the functional ¥ (m) decreases by one. So, if p=¢g=1/2, t.hen'the
root of the equation W (m) =0 occurs when half of the points are to the left of m and half are to

the right. When p=1/4, then pN=N/4 and —gN =-3N/4, the root m occurs where one-

quarter of the samples are to the left and three-quarters are to the right; that is, m is the first
sample quartile, ignoring the uniqﬁeness of the root. For large N, it can be shown (19, p.36] that
if X consists of independent and .identically. distributed random variables (iidrv’s) with

distribution Fy , then E(x,))=Fy "(r/(N +1)).If r=pN, then E(x,,) is approximately equal to

the p—th quantile or for large N, the sample quantile approaches the population quantile.

The fuzzy quantiles are defined by modlfymg the functional P(m) to be P, (m)=

mm Eu,k p(x, —m;) and then with ¥, (m,) = =Py, (m;) solving the equation ‘I’fuw (m) =

Zulkl//(xk m)= 0 Here m, is the p—th quantile of the i —th set. When p=¢g=1/2, then the

k=1

root of the equation ¥, (m,) =0 still occurs when the “number of points” to the left of m,-
equals the “number of points” to the right. But in this new context, the “number of points” is
interpreted to be the "sum of their fuzzy cardinality The fuzzy cardinality of the pomts in the

i—th fuzzy set N, is defined as N, = Zuk —-Zu (x,) where the total number of samples is
k=1 k=1




given by N ='Z N, . So to find the fuzzy median in the set of ordered points {xw(,.)}V , sum the
i=l
corresponding memberships {4 p”(,.)]f from left to right until half of the fuzzy cardinality is to the

left of median and half is to the right. In like manner, when finding the first fuzzy quartile, one-
fourth of the fuzzy cardinality should be to the left of the point and three-fourths should be to the

right. Viewed in this manner, fuzzy quantiles possess the same strong intuitive appeal as their

crisp counterparts. For the same data given in Table 1. Here N, is 3.6 so pN;=0.9 and
—gN, =-2.7. Again, the fuzzy sample-quartile value of 4 is not the same as the crisp sample-
quartile value of 2, if the definition of p—th sample quantile [19, p. 41] is X ,,, r= [Np]. To
maintain consistency with the fuzzy definition of quantile, the sample quantile convention
adopted here is X ,,, if pN is not an integer, and [X ,, + X ,,]1/2 if pN is an integer. Then if
the data memberships are all 1.0, the fuzzy quartile and the crisp quartile will coincide and for the

example of Table 1, the quartile will be 2.5.

IV. FUZZY CLUSTERING

The FCMED clustering algorithm is presented after first stating the FCM clustering
algorithm. As with the FCM, the FCMED algorithm obtains by first minimizing the objective
functional with respect to the MFs and then with respect to the centering statistic. The MFs for

the FCMED are stated and the centering statistic shown to be the fuzzy median.

A. Fuzzy c-means (FCM) clustering algorithm

The FCM is a practical clustering algorithm that generalizes the crisp c-means algorithm [20-
21]. It generalizes by replacing the class assignment with a membership vector whose elements
represent the membership of the data points in each of the classes. The algodthm produces a

fuzzy partition of the data into ¢ classes, i.e., each point has a membership vector or a fuzzy unit




vector (fit vector) associated with it, rather than a single class assignment. The algorithm is an

unsupervised learning technique. The following description of the FCM is based on [20].

Consider N data samples forming the data set denoted by X ={x,,x,,...,x,}, where each
sample x; € R? is a p-dimensional real vector. Assume there are ¢ classes and u, =

u,(x,)€[0,]] is the membership of the k — th sample in the i — th class. Each sample point

x, satisfies the constraint that Euik =1. The set of exemplars or prototypes for the ¢ clusters is

i=l

given by v=(v,,v,,...,v.). The FCM algorithm minimizes the functional

JUW =3 S urd? where d, =[y, - x,,

k=1 i=1

subject to the above constraint. The AO method is one technique to achieve the minimum. The

power m_ of the membership is called the weighting eprnent. Using the memberships U, class

exemplars are calculated from the data points. The class exemplars are then used to calculate
new memberships. This procedure is repeated until some form of convergence occurs. A detailed
version of this algorithm is given‘in [20, p. 66]. The FCM exemplars are linear statistics or
weighted averages of the data points where the weights are scaled versions of the memberships.

Unfortunately, linear statistics are known to be vulnerable to outliers [22].

B. Fuzzy c-Medians (FCMED) clustering algorithm

For the FCMED, the ¢, objective functional is [9]:

N ¢ P
JWU,v)= Zzui"dm where d;, = "Vi "xk"[ = ZIXI: (])—V.(J)I

k=1 i=1 j=1
where |[o] is the ¢, metric that is used throughout this subsection. Following [20, pp. 65-69], the
derivation for the weight u, carries through with d;; replaced by d, . The optimal memberships

are then given by:




. d Y(m 1)
=1 ik
u;k Z( djk )

for the samples that do not fall on the exemplars [1, p. 547]. Samples that that fall too close to

exemplars are handled in the same way as with the FCM [20]. When the optimum exemplars are

sought, one is interested in minimizing J(U,v) with respect to v and in this case, one

N ¢ P .
minimizes J(U,v) = Z Zu,.',:'f zlxk (N -v, (j)| by first rewriting it as
j=

k=] i=1

T = 3 S TW, G, ) whete JUv, G ) = Y () =v,().
k=1

i=1 j=1
The functional is separable in j (the dimension) and i (the class) since each of the functions
J(U,v,(j).i,j) in the objective functional J(U,v) is a function of only one variablev,(j) [23,
p.8]. Hence, one minimizes J (U ,V) by minimizing each corriponent JWU,v,(j).i, j) separately.
For each class i and coordinate j, the minimum of J(U,v,(}),i, j) with respect to v,(j) is the
fuzzy median. Jajuga [4] also argﬁés that J(U,v) is separable because J(U,v,(j),i, j) contains
only one unknown v, (). In section II, the fuzzy median (weighted median) with memberships
(weights) uy- for the i—th class and the j—th coordinate was shown to minimize
J(U,v,(j)i,Jj). Doing this for each coordinate j=1,...,p gives the centering vector ﬁi for
class i. Repeating this for each class i, one produces the cluster exemplars v that minimizes
J(U,v) with respect to v. The fact that the fuzzy median (weighed median) is the optimal
centering statistic for the AO-1FCM does not seem to be widely known. Although the objective
 functional can be minimized by a general optimization procedure [1], the fuzzy median makes
the AO scheme more intuitive. When the cluster distributions are light-tailed, say Ga_ussian, then
the asymptotic relative efficiency of the mean with respect to the median Suggest that the FCM
should do better than the FCMED [19, p.283]. Here, the greatest concern is outliers, so

estimation efficiency of the centering statistic is not addressed.

10




To compare the FCMED algorithm to the FCM, the FCMED was tested on both Gaussian
and Cauchy samples. As one expects, the FCMED exemplar trajectories for the Gaussian
clusters are quite similar to the FCM trajectories. However, for the Cauchy sample, the FCM

does not converge to the cluster centers, while the FCMED does. Figure 2 illustrates the FCMED

applied to the two-dimensional Cauchy antipodal clusters located at [+1.27,0], m_, =1.25. The

exemplars were initialized as [0,%1].

2 T AN E— A T T

Figure 2 FCMED exemplar traces for two Cauchy clusters
located at antipodal positions. (outliers not shown due to scale.)

The FCMED algorithm has the same algorithmic structure as the FCM with the AO method.
The FCMED algorithm follows:

1. Fix c, the number of classes such that ce {2,..., N - 1}.
Choose the ¢, metric in R” and fix the weighting exponent m_€ (1,2°].
Initialize the membership matrix denoted by U

2. Construct the ¢ exemplars v, for i= {l,...,c} by finding the fuzzy median with
memberships u;* for each class. Each class exemplar v; is p-dimensional so‘ v;(j) must
be found for each j = {1,...,p}, using just the j — th component of x, .

3. Update the memberships u, in the membership matrix with

11




Yime=1) :
u, =1 Z(g—‘kj , provided of course that none of the d, are zero.

N Al e

In the latter case, the u, are assigned as they are in the FCM algorithm [20, p. 66].

4. Compare the last two membership matrices, U® and U“*”. When they are sufficiently

close, terminate the algorithm; otherwise, return to step 2.

Note the strong structural similarity of the FCMED and FCM algorithms. The fuzzy median may

be calculated by sorting the sample values. In this case, the time complexity for each exemplar

v, is easily shown to be O(pN log N), since for each of the p-dimensions of the sample vectors
it takes O(N log N) operations to sort the data. There are ¢ classes so the time complexity for
Step 2 is O(cpNlog N) . The space complexity is O(N), which for large data sets like images
can be quite onerous. More refined algorithms for calculating the weighted median can reduce
the time complexity [24, p. 193] and approximations to the fuzzy median can reduce the space

complexity [25]. A heavy computational price is paid to replace the FCM with the FCMED.

V. CONCLUSIONS

The fuzzy median was defined and shown to be weighted median where the weights may be
interpreted as memberships. Functional definitions of the median and the MAD provided the
formulation to extend these statistics to fuzzy sets. By weighting the functionals with the
memberships, both statistics naturally extend to fuzzy data sets. The quantiles were extended to
the fuzzy data sets using the same approach of explicitly weighting the defining functionals. The
intuitive appeal of the fuzzy quantiles is rétained by interpreting counting as summing
memberships. The fuzzy median and the fuzzy quartile were illustrated in separate examples.
The AO-1FCM is a special case of the FCM clustering algorithm that uses an alternating

optimization method and the ¢, norm. In this case, the cluster exemplars are shown to be the

fuzzy medians and the resulting algorithm called the fuzzy c-medians (FCMED) clustering

12




algorithm because of its strong similarity to the FCM. This fuzzy median was linked to Jajuga’s
solution formulation for the cluster exemplars as a regression problem, which yielded the
weighted median as the cluster center via the work of Laplace. The FCM and the FCMED
clustering algorithms have similar performarice for iight?tailed clusters, but quite dissimilar
performance on heavy-tailed clusters. Both algorithms quickly converge when the data is light-
tailed and the number of cluster is fixed. Outliers or heavy-tailed clusters that cause convergence
problems for the FCM, ‘are better handled by the FCMED. When the data is unknown or not well

behaved, the FCMED is a robust alternative to the FCM with a heavy computational penalty.
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